The experimental observation of topological magnon bands and thermal Hall effect in a kagomé lattice ferromagnet Cu(1-3, bdc) has inspired the search for topological magnon effects in various insulating ferromagnets that lack an inversion center allowing a Dzyaloshinskii-Moriya (DM) spinorbit interaction. The star lattice (also known as the decorated honeycomb lattice) ferromagnets is an ideal candidate for this purpose because it is a variant of the kagomé lattice with additional links that connect the up-pointing and down-pointing triangles. This gives rise to twice the unit cell of the kagomé lattice, hence a more interesting topological magnon effects. In particular, the triangular bridges on the star lattice can be coupled either ferromagnetically or antiferromagnetically which is not possible on the kagome lattice ferromagnets. Here, we study DM-induced topological magnon bands, chiral edge modes, and thermal magnon Hall effect on the star lattice ferromagnet in different parameter regimes. The star lattice can also be visualized as the parent material from which topological magnon bands can be realized for the kagomé and honeycomb lattices in some limiting cases.
INTRODUCTION
Topological magnon matter is the magnonic analog of topological fermionic matter. In contrast, magnons are charge-neutral bosonic excitations of ordered quantum magnets. Thus, the transport properties of magnons are believed to be the new direction for dissipationless transports in insulating ferromagnets applicable to modern technology such as magnon spintronics and magnon thermal devices [1] [2] [3] . In insulating collinear quantum magnets the DM interaction 4, 5 arising from spin-orbit coupling (SOC) 5 is the key ingredient that leads to thermal magnon Hall effect [6] [7] [8] [9] and topological magnon bands [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The DM interaction is present in magnetic systems that lack inversion symmetry between magnetic ions. The kagomé lattice is built with this structure, because the midpoint of the bonds connecting two nearestneighbour magnetic ions is not a center of inversion. Therefore, a DM interaction is intrinsic to the kagomé lattice. The thermal magnon Hall effect induced by the DM interaction was first observed experimentally in a number of three-dimensional (3D) ferromagnetic pyrochlores -Lu 2 V 2 O 7 , Ho 2 V 2 O 7 , and In 2 Mn 2 O 7 7,8 . Subsequently, the thermal magnon Hall effect was realized in a kagomé ferromagnet Cu(1-3, bdc) 9 followed by the first experimental realization of topological magnon bands 10 in the same material. On the other hand, no topologcal magnon bands have been observed in pyrochlore ferromagnets, but recent studies have proposed Weyl magnons in 3D pyrochlore ferromagnets 23, 24 . In the same way a pyrochlore lattice can be visualized as an alternating kagomé and triangular layers, the star lattice (also known as the decorated honeycomb lattice) can be visualized as an interpolating lattice between the honeycomb lattice and the kagomé lattice. The number of sites per unit cell in star lattice is six, three times as in honeycomb and twice as in kagome. Most importantly, the star lattice plays a prominent role in different branches of physics. The Kitaev model on the star lattice has an exact solution as a chiral spin liquid 25 . The star lattice also plays an important role in ultracold atoms 26 . In particular, quantum magnets [25] [26] [27] [28] [29] and topological insulators [30] [31] [32] on the star-lattice show distinctive remarkable features different from the kagome and honeycomb lattices.
Motivated by these interesting features on the star lattice, the study of topological magnon bands on the star lattice is necessary and unavoidable. In this work, we study the topological magnon bands and the thermal magnon Hall response in insulating quantum ferromagnet on the star lattice. We show that lack of an inversion center allows a DM interaction between the midpoint of the triangular bonds. The DM interaction induces a fictitious magnetic flux in the unit cell and leads to nontrivial topological magnon bands. This directly leads to the existence of nonzero Berry curvatures and Chern numbers accompanied by topologically protected gapless edge modes. Indeed, it is feasible to synthesize magnetic materials with the star structure and directly confirm the present theoretical results.
II. FERROMAGNETIC HAMILTONIAN
Quantum magnets on the star lattice are known to possess magnetic long-range orders 27, 29 . However, the effects of the intrinsic DM perturbation have not been considered on the star lattice. Here, we study a ferromagnetic model which is a magnetically ordered state on the star lattice. The Hamiltonian is given by
where
and J, J are exchange couplings within sites on the triangles "∆" and between triangles "∆ ↔ ∇" as shown in 
where H = hẑ with h = gµ B H is the strength of the outof-plane magnetic field. The last term H pert represents all the perturbative interactions to the Heisenberg exchange. The DM interaction is usually the dominant perturbative anisotropy. It is allowed on the star-lattice due to lack of inversion center between magnetic ions according to the Moriya rule 5 . The magneto-crystalline anisotropy is second order in perturbation which can be neglected. Therefore, we will consider only the DM perturbation term. Hence,
There are two ferromagnetic ordered states on the starlattice. The first one corresponds to J > 0 and J < 0, i.e. fully polarized ferromagnets on sublattice A (down pointing triangles indicated with blue sites) and B (up pointing triangles indicated with red sites) as shown in Fig. 1 . The second one corresponds to J > 0 and J > 0, i.e., antiferromagnetic interaction between triangles and ferromagnetic interaction on each triangle. In the latter case the spins on sublattice A are oriented in the opposite direction to those on sublattice B, and they also cant along the magnetic field direction as shown in Fig. 2 . As we will show in the subsequent sections, the latter case recovers the former case at the saturation field h s = 2J S.
III. RESULTS

A. Ground state energy
At zero field the spins are aligned along the star plane chosen as the x-y plane with the quantization axis chosen along the x-direction. The ground state is a collinear ferromagnet unaffected by the DM interaction. However, if the sublattices A and B are coupled antiferromagnetically, that is J > 0 and J > 0, then a small magnetic field induces canting along the direction of the field and the ground state is no longer the collinear ferromagnets. The collinear ferromagnet is only recovered at the saturation field h s . In the large-S limit, the spin operators can be approximated as classical vectors, written as S τ = Sn τ , where n τ = (sin θ cos ϑ τ , sin θ sin ϑ τ , cos θ) is a unit vector and τ denotes the down (A) and up (B) triangles, with ϑ A = 0 and ϑ B = π and θ is the magneticfield-induced canting angle. As the system is ordered ferromagnetically on each triangle, the DM interaction does not contribute to the classical energy given by
where e 0 = E/6N is energy per site and N is the number of sites per unit cell. Minimizing the classical energy yields the canting angle cos θ = h/h s .
B. Magnetic excitations
In the low temperature regime the magnetic excitations above the classical ground state are magnons and higher order magnon-magnon interactions are negligible. Thus, the linearized Holstein-Primakoff (HP) spin-boson representation 33 is valid. Due to the magnetic-fieldinduced spin canting, we have to rotate the coordinate axes such that the z-axis coincides with the local direction of the classical polarization. This involves rotating the spins from laboratory frame to local frame by the spin oriented angles ϑ τ about the z-axis. This rotation is followed by another rotation about the y-axis with the canting angle θ, and the resulting transformation is given by
where +(−) applies to the spins residing on the sublattice A (B) triangles respectively. It is easily checked that this rotation does not affect the collinear ferromagnetic ordering on each triangle, that is the J term.
Usually, in collinear ferromagnets the perpendicularto-field DM component does to contribute to the free magnon theory because the magnetic moments are polarized along the magnetic field direction [7] [8] [9] . Therefore, only the parallel-to-field DM component has a significant contribution to the free magnon dispersion [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In the present model, however, the situation is different. Due to antiferromagnetic coupling between triangles an applied magnetic field induces two spin components -one parallel to the field and the other perpendicular to the field. As we pointed out above, the DM interaction has a finite contribution to the free magnon model only when the magnetic moments are along its direction. Therefore the parallel-to-field DM component (D H) and the perpendicular-to-field DM component (D ⊥ H) will have a finite contribution to the free magnon theory due to spin canting. The former is rescaled as D ,θ → D cos θ and the latter is rescaled as D ⊥,θ → D sin θ by the magnetic field. Implementing the spin transformation (6) the terms that contribute to the free magnon model are given by
where h θ = h cos θ and χ z ijτ is the z-component of the vector spin chirality [S i × S j ] z . We note that H pert, and H pert,⊥ DM components are oriented perpendicular to the bond due to the magnetic field. From these expressions it is evident that at zero magnetic field (θ = π/2) the spins are along the x-y plane of the star lattice, therefore only the DM component parallel to the spin axis has hω/J a finite contribution to the free magnon model. The same is true at the saturation field (θ = 0) when the spins are fully aligned along the z-direction. In Appendix A we have shown the tight binding magnon model. In the following section we will consider the two field-induced spin components separately.
C. Topological magnon bands
We note that the first topological magnon bands have been measured in the kagomé ferromagnet Cu (1-3, bdc) 10 , thus paving the way to search for topological magnon bands in other systems. In the following we study the topological magnon bands in the star lattice ferromagnet. We consider spin-1/2 and take J as the unit of energy while varying J /J. We also take the DM value of the kagomé ferromagnet Cu(1-3, bdc) D/J = 0.15 9, 10 . In Fig. 3 we have shown the magnon bands at D = 0 and D/J = 0.15 with varying J /J. In the former (top panel) the lower bands for J /J < 1.5 in Fig. 3(a) looks like Dirac magnon on the honeycomb lattice 35 . On the other hand, for J /J > 1.5 the bands in Fig. 3(c) resemble two copies of magnon bands on the kagomé lattice ferromagnet with a flat band and two dispersive Dirac magnon bands on each copy. The gap closes at J /J = 1.5 as shown in Fig. 3(b) . For nonzero DM interaction (lower panel) the the magnon bands are separated by a finite energy gap proportional to the DM interaction in all the parameter regimes. Notice that the collinear ferromagnet at h = h s has a quadratic dispersion (Goldstone mode) at the Γ point due spontaneous breaking of U (1) symmetry about the z-axis. In contrast, for h < h s the spins are canted due to antiferromagnetic interaction between the triangles. This leads to two spin components -perpendicular-to-field spin components and parallelto-field spin components. In Fig. 4 we have shown the magnon bands in the canted antiferromagnetic phase. Indeed, we recover a linear Goldstone mode at the Γ point which signifies an antiferromagnetic spin order. In this case the model is no longer an analog of topological fermion insulator on the star lattice [30] [31] [32] . Furthermore, the perpendicular-to-field spin components (top panel of Fig. 4) show gapless magnon bands even in the presence of DM interaction. A similar gapless magnon bands was reported in the kagomé ferromagnet Cu (1-3, bdc) 10 when the spins are polarized along the kagomé plane by an in-plane magnetic field. In contrast, the parallel-tofield spin components (bottom panel of Fig. 4) show a finite gap separating the magnon bands due to the presence of DM interaction along the spin polarization.
D. Chiral edge modes
The topological aspects of gap Dirac points can be studied by the defining the Berry curvature and the Chern number. In the present model we started from an antiferromagnetic coupled ferromagnets and then recovered a collinear ferromagnetic model. Therefore the Hamiltonian has an off-diagonal terms and the diagonalization requires the generalized Bogoliubov transformation and the eigenfunctions define the Berry curvatures and Chern numbers (see Appendix B). The Chern number vanishes for all bands at zero DM interaction (top panel of Fig. 3 ). We also find that the Chern number vanishes for the magnon bands of perpendicular-to-field spin components (top panel of Fig. 4 ). This signifies a trivial magnon insulator. However, we find nonzero Chern numbers for the other magnon bands (bottom 
E. Thermal magnon Hall effect
Inelastic neutron scattering experiment has measured the thermal Hall conductivity in the kagomé and pyrochlore ferromagnets [7] [8] [9] . Theoretically, the thermal Hall effect in insulating ferromagnets is understood as a consequence of the topological magnon bands induced by the DM interaction 6 . A temperature gradient −∇T induces a transverse heat current J Q and the DM-induced Berry curvature acts as an effective magnetic field that deflects the propagation of magnon in the system giving rise to a thermal Hall effect similar to Hall effect in electronic systems. From linear response theory, one obtains J Q α = − β κ αβ ∇ β T , where κ αβ is the thermal conductivity and the transverse component κ xy is associated with thermal Hall conductivity given explicitly as 11, 15 
where V is the volume of the system, k B is the Boltzmann constant, T is the temperature, g(
−1 is the Bose function, and c 2 (x) is defined as
with Li 2 (x) being the dilogarithm. The Berry curvature Ω xy;α (k) is defined in Appendix B. The thermal Hall conductivity is finite only in the fully polarized collinear ferromagnets at h = h s and the parallel-to-field spin components in the canted antiferromagnet for h < h s . As shown in Fig. 7 the thermal Hall conductivity shows a sharp peak and a sign change in the canted phase and vanishes at zero temperature as there are no thermal excitations. This is consistent with the trend observed in previous experiments on the kagomé and pyrochlore ferromagnets 7-9 .
IV. CONCLUSION
The star lattice has attracted considerable attention in recent years as an exact solution of Kitaev model 25 . Chiral spin liquids, topological fermion insulators and quantum anomalous Hall effect have been proposed [25] [26] [27] [28] [29] [30] [31] [32] . However, there is no experimental realizations at the moment. In this work, we have contributed to the list of interesting proposals on the star lattice. We have shown that insulating quantum ferromagnets on the star lattice are candidates for topological magnon insulators and thermal magnon Hall transports. We showed that the intrinsic DM interaction which is allowed on the star lattice gives rise to magnetic excitations that exhibit nontrivial magnon bands with non-vanishing Berry curvatures and Chern numbers. We believe that the synthesis of magnetic materials with a star structure is feasible. In fact, experiment has previously realized polymeric iron (III) acetate as a star lattice antiferromagnet with both spin frustration and magnetic long-range order 27 . A strong applied magnetic field is sufficient to induce a ferromagnetic ordered phase in this material and the topological magnon bands can be realized. Unfortunately, inelastic neutron scattering is a bulk sensitive method and the chiral magnon edge modes have not been measured in any topological magnon insulator 10 . It is possible that edge sensitive methods such as light 36 or electronic 37 scattering method can see the chiral magnon edge modes in topological magnon insulators.
DM interaction within the triangular plaquettes, similar to Haldane model 34 . For D H, σ = 1 and for D ⊥ H, σ = ±1 for sublattice A and B respectively. The configurations of φ ij for both cases are depicted in Fig. 2 . The total flux in the dodecagon consisting of twelve sites is −2φ and 0 respectively. Indeed, φ ij vanishes along the J link as it contains no triangular plaquettes.
The momentum space Hamiltonian can be written as H = 
where 
where k 1 = k · a 1 and k 2 = k · a 2 . The lattice basis vectors are chosen as a 1 = 2x and a 2 =x + √ 3ŷ. At the saturation field h = h s (θ = 0) the spins are fully aligned along the z-axis and b 2 (k) = 0. We therefore recover collinear ferromagnet along the z-direction. The Hamiltonian is diagonalized below.
